CONVERGENCE OF VOEVODSKY'S SLICE TOWER 



MARC LEVINE 



Abstract. We consider Voevodsky's slice tower for a finite spectrum E in 
the motivic stable homotopy category over a perfect field k. In case k has 
finite cohomological dimension (in characteristic two, we also require that k is 
infinite), we show that the slice tower converges, in that the induced filtration 
on the bi-graded homotopy sheaves Tla,bfn£ is finite, exhaustive and separated 
at each stalk. This partially verifies a conjecture of Voevodsky. 
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Introduction 

Let fc be a perfect field. We continue our investigation, begun in [5], of the slice 
filtration on the bi-graded homotopy sheaves n^^(£) for objects £ in the motivic 
stable homotopy category S'H[k). 

Let S'H{k) denote Voevodsky's motivic stable homotopy category of T-spectra 
over k and let Y.'^ST-L^^^ {k) C ST-L{k) be the locahzing subcategory generated by 
objects S5JE5?X+, with X e Sm/k and m>n. The inclusion i„ : lll^SW^^ik) 
SH{k) admits a right adjoint r„ : SH{k) -> Y^^SW^^ik) {cf. [201ET] or [TBI [17]). 
Letting fn = in ° fn, we have the tower of exact endofunctors of S'H{k) 

• • • ^ fn+i /„ . . . ^ id. 
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Applying this to an object E of S'H{k) yields the Tate-Postnikov tower (or slice 
tower) 

. . . ^ fn+l£ fn£ ■■■ £■ 

For integers a,b, we have the stable homotopy sheaf Ila,b{£), defined as the Nis- 
nevich sheaf associated to the presheaf 

i7eSm/fc.^[I]^iE^^C/+,f]5w(fc) 
(note that the indexing is not the standard one). Let 

For k a perfect field of characteristic ^ 2, Morel 13, theorem 6.4.1] has given 
a natural isomorphism of no,p(Sfe) with the Milnor-Witt sheaf JC^^ \ this is a 
certain sheaf on Sm/fc with value on each field F over k given by the Milnor-Witt 
group K^^{F) (for details see [TUJ [13] )• For p — and F a field containing fc, 
K^'^{F) is canonically isomorphic to the Grothendieck-Witt group of quadratic 
forms GW(F). Let I{F) C GW(F) be the augmentation ideal; the multiplication 
in the Milnor-Witt ring makes K^^{F) a GW(F)-module. 

More generally, Morel has constructed a natural isomorphism 

no,p(s^^§fc) = iCg!}^ 

Our main result of loc. cit. is 
Theorem 1 ([9] theorem 1]). Let F be a perfect field of characteristic ^ 2. Then 

Fil^,,,no,,(S^^Sfe)(F) := /(F)*^iff ^(F) C iff ^(F) = no,p(E« ,^§,)(F) 
where M = if n < p or n < q, and M — min(n — p,n — q) if n > p and n > q. 

Let SHfinik) C S'H{k) be the thick subcategory of ST-L{k). generated by the 
objects with X smooth and projective over k, n G Z. 

Voevodsky has stated a conjecture [501 conjecture 13] that for £ G SHdnik), the 
Tate-Postnikov tower is convergent in the following sense: for all a,b,n € Z, one 
has 

^mFTa.tc^a,bfn£ = 0. 

Our computation of Frft^^^no^pS^Sfc gives some evidence for this convergence con- 
jecture. 

Proposition 2. Let k be a perfect field with char A: ^ 2. For all p,q > 0, and all 

perfect field extensions F of k, we have 

n„F?,,,no^pS^Sfc(F) = o. 

Proof. In light of theorem[TJ the assertion is that the /(F)-adic filtration on K^'[}^ (F) 
is separated. By [TH theoreme 5.3], for m > 0, K^^{F) fits into a cartesian square 
of GW(F)-modules 

Ki^^iF) >K^{F) 

Pf 

HF)"' ^ /(F)"V/(F)™+\ 

where K^{F) is the Milnor if-group, q is the quotient map and Pf is the map 
sending a symbol . . . , to the class of the Pflster form <<mi, . . . , Um>> 
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mod For m < 0, K^^ (F) is isomorphic to the Witt group of F, W{F), 

that is, the quotient of GW(F) by the ideal generated by the hyperbohc form 
— y^- Also, the map GW(F) W{F) gives an isomorphism of I (FY with its 
image in W{F) for all r > 1. Thus 



K^Jl"^ {F)I{Fy 



_{l{FY CW{F) form<0,n>0 
~ C GW(F) form>0,n>l. 



The fact that n„/(F)" = in W{F) or equivalently in GW(F) is a theorem of 
Arason and Pfister [T]. □ 

Remarks 1. 1. The proof in [12] that {F) fits into a cartesian square as above 

relies on the Milnor conjecture. 

2. As pointed out to me by Igor Kriz, Voevodsky's conjecture [loc. cit.] asserting 
the convergence of the slice tower for all £ € STinnik) is false. In fact, take £ to 
be the Moore spectrum Sk/i for some prime 1^2. Since Ha^gSfc = for a < 0, 
proposition 15.71 below shows that Ha^g/nSfc = for a < 0, and thus we have the 
right exact sequence for all n > 

In particular, we have 

F^,t,no,of (fc) = im(F^,teno,oSfc(fc) ^ no,oSfc(fc)/^) = »TO(/(fc)" ^ GW(fc)/£) . 

Take fc = R. Then GW(K) = Z Z, with virtual rank and virtual index giving the 
two factors. The augmentation ideal /(M) is thus isomorphic to Z via the index 
and it is not hard to see that /(R)" = (2"-i) C Z = /(R). Thus Ho^o'^^ = Z/£®Z/^ 
and the filtration ivft^j^IIo^of is constant, equal to Z/^ = /(M)/^, and is therefore 
not separated. 

The convergence property is thus not a "triangulated" one in general, and there- 
fore seems to be quite subtle. However, if the /-adic filtration on GW(F) is finite 
(possibly of varying length depending on F) for all finitely generated F over fc, 
then our computations (at least in characteristic zero) show that the filtration 
^Tateno, p^T^m^ is at Icast locally finite, and thus has better triangulated proper- 
ties; in particular, for i ^2, 

no,o(Sfc/^) = Z/^, F^,t,no^o(§fc/^) = for n > 0, 

as the augmentation ideal in GW(F) is purely two-primary torsion, and thus 
Ul^fi'Sk/t = 0. One can therefore ask if Voevodsky's convergence conjecture is 
true if one assumes the finiteness of the /(F)-adic filtration on GW(F) for all 
finitely generated fields F over k. 

In this regard, our main theorem of this paper is a partial answer to the conver- 
gence question. 

Theorem 3. Let k he a perfect field of finite torsion- cohomologcal dimension and 
let p denote the exponential characteristic (i.e. p — charfc i/charfc > 0, p — 1 if 
charfc = Oj. //charfc = 2, we suppose in addition that k is an infinite field. Take 
£ € iSHfin(fc) and take a; G A" e Sm/fc with X irreducible. Let d = dim^ A. Then 
for every r,q ^X, there is an integer N (depending on £, r and d) such that 

(Fiivn,,,f).[i/p] = o 
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for alln> N + q. In particular, if F is afield extension of k of finite transcendence 
degree d over k, then Yi\\^^^Iir.,q£{F)[l / p] = for all n > N + q. 

For a more detailed statement, we refer the reader to theorem 16.31 

Remarks 2. 1. We expect that the technical condition, that F needs to be infinite 
in the case of characteristic 2, is unnecessary. 

2. The proof of theorem 13] relies on the Bloch-Kato conjecture. 

3. Even after this result, the question remains: what is a reasonable convergence 
conjecture for a wider class of fields than those of finite cohomological dimension. 
A reasonable class is those having finite virtual cohomological dimension, e.g. R. 
As we have seen that the slice tower in this case is not in general convergent, one 
needs to modify the conjecture. We suggest the following formulation: 

Conjecture 4. Let k be a perfect field of finite virtual cohomological dimension and 
of characteristic ^ 2. Then the 2- completed slice tower is convergent. 

The paper is organized as follows: We set the notation in ijl]and recall some basic 
facts about the slice tower and a model for its terms (the homotopy coniveau tower) 
in 321 In !j3]we use the simplicial nature of the homotopy coniveau tower to analyze 
the terms in the slice tower. This leads to the main inductive step in our argument 
flemma l3.5p . and isolates the particular piece that we need to study. This is taken 
up in [21 where we more precisely identify this piece in terms of a A^;^^^-module 
structure on the bi-graded homotopy sheaves. We use results of Cisinski-Deglise on 
the relation of ST-L{k) with DM{k) in SjSlto get information on this /C*^^-module 
structure, which allows us move the induction forward with proposition [531 In the 
next to last section [SI we assemble all the pieces and prove our main result. The 
final section fjTl collects some results on norm maps for finite field extensions that 
are used throughout the paper. 

1. Background and notation 

Unless we specify otherwise, k will be a fixed perfect base field, without restric- 
tion on the characteristic. For details on the following constructions, we refer the 
reader to[4l[5l[6l[l0l[ni[l3l[I3. 

We write \n] := {0, . . . , n} (including [—1] 0) and let A be the category with 
objects [n], n = 0, 1, . . ., and morphisms [n] — [m] the order-preserving maps of 
sets. Given a category C, the category of simplicial objects in C is as usual the 
category of functors A°p C. 

Spc will denote the category of simplicial sets, Spc, the category of pointed 
simplicial sets, H := Spc[WE~^] the classical unstable homotopy category and 
H, := Spc,[VFi?^^] the pointed version. We denote the suspension operator —AS^ 
by Ss- Spt is the category of suspension spectra and SH := Spt[WE~^] the 
classical stable homotopy category. 

The motivic versions are as follows: Sm/fc is the category of smooth finite type 
fc-schemes. Spc(fc) is the category of Spc- valued presheaves on Sm/fc, Spc,(fc) the 
Spc,-valued presheaves, and Sptgi(fc) the Spt-valued presheaves. These all come 
with "motivic" model structures as simplicial model categories (see for example 0); 
we denote the corresponding homotopy categories by H(fc), ^^.(fc) and STis^ik), 
respectively. Sending X G Sm/fc to the sheaf of sets on Sm/fc represented by X 
(also denoted X) gives an embedding of Sm/fc to Spc(fc); we have the similarly 



CONVERGENCE OF VOEVODSKY'S SLICE TOWER 



5 



defined embedding of tlie category of smootli pointed schemes over k into Spc,(fc). 
The categories Spc(fc) and Spc,(fc) are equipped with an internal Hom, denoted 
T-Lom. 

Let Gjn be the pointed fc-scheme (A^ \ 0,1). In we have the objects 

ga+b,b for b > 1, S'''" 5" = I]^Specfc+. If X is a scheme with a 

fc-point X, we write {X,x) for the corresponding object in Spc,(fc) or H,(fc). For 
a cofibration y X in Spc(fc), we usually give the quotient X/y the canonical 
base-point y/y, but on occasion, we will give X/y a base-point coming from a 
point X € X{k); we write this as {X/y,x). 

We let T := A^/{A^ \ {0}) and let Sptj.(fc) denote the category of T-spectra, 
i.e., spectra in Spc,(fc) with respect to the T-suspension functor St := — AT. 
Sptj.(fc) has a motivic model structure (see [6j) and SH{k) is the homotopy cat- 
egory. We can also form the category of spectra in Spt_5i(fc) with respect to St; 
with an appropriate model structure the resulting homotopy category is equivalent 
to S7i{k). We will ignore the subtleties of this distinction and simply identify the 
two homotopy categories. 

Both 5'Hsi(fc) and S'H{k) are triangulated categories with suspension functor 
S3. We have the triangle of infinite suspension Junctors S°° and their right adjoints 

H,{k) Snsi{k) U.{k) SUs^ik) 




SH{k) Snik) 

both commutative up to natural isomorphism. These are all left, resp. right derived 
versions of Quillen adjoint pairs of functors on the underlying model categories. We 
note that the suspension functor Sg„ is invertible on ST-L{k). 

For X e Htik), we have the bi-graded homotopy sheaf Ila^bX, defined for a,b> 
0, as the Nisnevich sheaf associated to the presheaf on Sm/fc 

[/H^Hom„.(fc)(S:S^^[/+,A'); 

note the perhaps non-standard indexing. These extend in the usual way to bi- 
graded homotopy sheaves Ila,bE for E e STis^ik), 6 > 0, a G Z, and UaM^ for 
£ e S'H{k), a,b G by taking the Nisnevich sheaf associated to 

U ^ Hom5«^,(fc)(S:S^^SrC/+,i?) ovU^ Hom5w(fc)(S:S^^S?? [/+,£), 

as the case may be. We write 7r„ for n„^o; for e.g. E G Spt5i(fc) fibrant, ttuE is 
the Nisnevich sheaf associated to the presheaf U 1— J> 7r„(i?([/)). 

For F a finitely generated field extension of k, we may view Spec F as the generic 
point of some X G Sm/fc. Thus, for a Nisnevich sheaf S on Sm/fc, we may define 
S{F) as the stalk of S at SpecF G X. For an arbitrary field extension F oi k (not 
necessarily finitely generated over fc), we define S{F) as the colimit over S{Fa), as 
Fa runs over subfields of F containing k and finitely generated over k. For a finitely 
generated field F over k, we consider objects such as Speci^, or as pro-objects 
in Spc(fc) by the usual system of finite-type models; the same holds for related 
objects such as SpecF+ in H,(fc) or SHs^ik), etc. We extend this to arbitrary 
field extensions of k by taking the system of finitely generated subfields. We will 
usually not explicitly insert the "pro-" in the text, but all such objects, as well as 
morphisms and isomorphisms between them, should be so understood. 
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2. The homotopy coniveau tower 

Our computations rely heavily on our model for the Tate-Postnikov tower in 
SHs^{k), which we briefly recall (for details, we refer the reader to |7j). We start 
by recalling the Tate-Postnikov tower in SUgi^k) and introducing some notation. 

Fix a perfect base- field k. Let 

Et -.SHsAk) ^SHs^ik) 

be the T-suspension functor. For n > 0, we let T^^SHs^ (k) be the localizing subcat- 
egory of STLs^ (k) generated by infinite suspension spectra of the form 
with X G Sm/fc and m> n. We note that S^5?^5i(fc) = SHs^ik). The inclusion 
functor in : T,^S7isi{k) SHs^ik) admits, by results of Neeman [TS], a right 
adjoint r„; define the functor /„ : SHs^ik) — > SHs^ik) by /„ := i„ o r„. The unit 
for the adjunction gives us the natural morphism 

Pn ■■ fnE E 

for E e 57^51 (fc); similarly, the inclusion I]™57^5i(fc) C J^'i^^SHs^ik) for n < m 
gives the natural transformation fmE — > fnE, forming the Tate-Postnikov tower 

...^ fn+lE -^fnE^...^foE = E. 

We complete fn+iE — > fnE to a distinguished triangle 

fn+lE fnE SnE fn+lE[l]; 

this turns out to be functorial in E. The object SnE is the nth slice of E. 
There is an analogous construction in ST-L{k): For n G Z, let 

^^sn^ff'ik) csnik) 

be the localizing category generated by the T-suspension spectra I]™E^X+, for 
X € Sm/fc and m > n. As above, the inclusion i„ : Yi^S'H'^^ ^ {k) — > SH{k) admits 
a left adjoint r„, giving us the truncation functor /„ and the Tate-Postnikov tower 

. . . ^ fn+i£ fn£ ^ ■■■ ^ £■ 
Note that this tower is in general infinite in both directions. We define the layer 
Sn£ as above. For integers N > n, we let pn.N ■ fN fn and Pn ■ fn ^ id denote 
the canonical natural transformations. We mention the following elementary but 
useful result. 

Lemma 2.1. For integers N,n, the diagram of natural endomorphisms of ST-L^k) 

fn ° JN > fN 

UiPN) 

fn 

commutes. Moreover, for N > n, the map Pnifn) is a natural isomorphism, and 
for N < n, the map fn{pN) is a natural isomorphism. 

In case N,n >0, the same holds with ST-Ls^ik) replacing SH{k). 

Proof. The first assertion is just the naturality of p„ with respect to the morphism 
Pn ■ fN ^ id. 

Suppose N >n. Then Y.^Sn'^^{k) C Y/^SW^^ik) and thus for aU E G SH{k), 
id : fi^E — > fN£ satisfies the universal property of pn{fN£) ■ fn{fN£) fN£, 



PN 

^id 

PTL 
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namely, JnS is in Ti'^ST-C^^^ (k) and id : JnS — >■ JnS is universal for maps T JnS 
withTe T.^SW^^ik). 

li N < n, then for E € SH{k), fnifN^) is in Y.'^Sn''^ ^ {k) and PnifN^) ■ 
fnifN^) InE is universal for maps T -> Jn£ with T e T.^Sn^ff {k). bmce 
Y.^S'W'f f {k) C H^SW^^ik), the universal property of pn{£) : /wf -> £ shows 
that pn o pnifN^) ■ fnifN^) £ IS Universal for maps T ^ £ with T G 
Ti^SH^^ ^ (k) , and thus fn{pN) is an isomorphism. 

The proof for SHs^{k) is the same. □ 

Lemma 2.2. Jbr n € Z, i/iere is a natural isomorphism 

(2.1) fn^x'£ = nj^fn£- 

Proof. First suppose that n > 0. It follows from [7^, theorem 7.4.1] that il^ fn£ is 
in I]JiSHsi(fc) and thus we need only show that fl°°pn ■ ^'r In£ —> ^'^£ satisfies 
the universal property of fn^^£ — > il^£. But for G E SHs^{k), we have 

Tlomsn,,ik){^TG,n^fn£) = Hom5„(,)(S??E?^G, /„£) 

= Hom5^(^,) (SJEIfPG, /„£) 

Hom5w(fc)(S?I]??G,f) 

— Hom5^(j,) (E^EyG, £") 

-Hom5„^^(,)(E?;G,^l??f). 

It is easy to check that this sequence of isomorphisms is induced by (D,'^ p„ )^,. 

Now suppose that n < 0. Then /„r2^f = foVt'^£ = n^ff)£, so it suffices to 
show that the map /of ^ /n^^ induces an isomorphism il'^fo£ — > 57^/„f . But for 
F e SHsiik), ^^F is in SW^^ik) and 

Homsw^, (fe) (i^, f^??/of) = Hom5«(fc) /of) 

Hom5«(fc)(S?f^^,/„f) 
'^nouisH,,(k){F.^Tfn£). 

□ 

Furthermore, for £ STL si (k), we have (by [71 theorem 7.4.2]) the canonical 
isomorphism 

(2.2) n^^f^^E^ fn-l^G^E. 

As r^Gm : S'H{k) SH{k) is an auto-equivalence, and restricts to an equivalence 

i^G™ : ^rSn^^ik) ^ i:^'^sn^ff{k), 

the analogous identity in S'H{k) holds as well. 

Definition 2.3. For a £ Z, 6 > 0, £ SUs^ik), define the filtration Fr^^t^Ha.bE', 
n > 0, of n^.b^; by 

F^^^Jla^bE := im(na,f,/„£; ^ \la,bE). 
Similarly, for £ G S'H{k), a, &, n G Z, define 

F^^tcHa^fef := im(n,,b/„f ^ n,,bf ). 



8 



MARC LEVINE 



The main object of this paper is to understand F^^^JIa,bE for suitable E. For 
later use, we note the following 

Lemma 2.4. 1. For E ^ SHs^ik), n,p,a,b ^1 Z with n,p,b,n — p,b — p > 0, the 
adjunction isomorphism Ila,bE = Ila,b-p^c, E induces an isomorphism 

ETate^a,bE = Flj^^f^IlaM-p^G^E . 

Similarly, for £ G S'H{k), n,p,a,b e Z, the adjunction isomorphism Ha.b^ — 
Ha.b-p^G £ induces an isomorphism 

ETate^a.bS = F^^^^Ha^b-p^fi^S ■ 

2. For £ G S'H{k), a,b,n G Z, with b,n > 0, we have a canonical isomorphism 

'P£,a,b.n ■ ^a.bfn£ ^ ^a.bfn^x'^J 

inducing an isomorphism F^.^^Jla^b£ — E^rj^^^Jla^b^'r ^ ■ 
Proof. (1) By (|2.2p . adjunction induces isomorphisms 

F^,ten,,6S := im{Wa,bfnE ^ Wa,bE) 

^ iin{Ila,b-p^G^JnE Ua.b-p^G^E) 
— ini(na,h-p/n_pri^^i? — > '^a.b-p^Q^E) 

The proof for £ G SH{k) is the same. 

For (2), the isomorphism (p£^a,b,n arises from (|2.ip and the adjunction isomor- 
phism 

llomsnsiik)iK^'G^^TU+,fnn¥£) = liomsns.ik){K^'G^^TU+,n^fn£) 

- Romsnik){K^G^^TU+,fn£). 

□ 

We now turn to a discussion of our model for fnE(X), X G Sm/fc. We 
start with the cosimplicial scheme n i— >■ A", with A" the algebraic n-simplex 
SpecA:[io, ■ • ■ ^tnl/J^i^i ~ 1- The cosimplicial structure is given by sending a map 
g : [n] [m] to the map g : A" A™ determined by 

else. 



A face of A™ is a closed subscheme F defined by equations ti^ = . . . = ti^ = 0; 
we let 9A" C A" be the closed subscheme defined by nr=o''' ^ i^A" is the 

union of all the proper faces. 

Take X G Sm//c. We let S^^\m) denote the set of closed subsets c X x A" 
such that codimxxFW^nX x > g for all faces F C A" (including = A"). We 
make S'^\m) into a partially ordered set via inclusions of closed subsets. Sending 
m to S'^\m) and g : [n] — )• [m] to g~^ : S'^\m) — Sx\n) gives us the simplicial 
poset . 

Now take E G Spt^i (fc). For X G Sm/k and closed subset W C X, we have the 
spectrum with supports (X) defined as the homotopy fiber of the restriction 
map E{X) — E{X \ W). This construction is functorial in the pair {X, W), where 
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we define a map / : {y,T) — > {X,W) as a morphism f : Y X in Sm/fc with 

r^{w)cT. 

Define 

(2.3) £;('')(X,m) hocolim {X x A"). 

The fact that to i-> ^^^''(to) is a simpficial poset, and {Y,T) ^ E'^{Y) is a functor 
from the category of pairs to spectra shows that to i— iJ^"?^ (X, to) defines a simphcial 
spectrum. We denote the associated total spectrum by i?('?^(X). 

For q > q' , the inclusions iS^''(to) C \m) induces a map of simplicial posets 
5^' C S^p and thus a morphism of spectra i,-,^ : i;('?)(X) ^ E<^'}'\X). We have 
as well the natural map 

ex : E{X) Tot{E{X x A*)) = E^°^{X), 

which is a weak equivalence if E is homotopy invariant. Together, this forms the 
augmented homotopy coniveau tower 

E^*\X) := . . . ^ E^^+^\X) ^ E^^\X) ^ . . . E^^\X) ^ E^°\X) ^ E{X) 

with iq := iq.q+i- Thus, for homotopy invariant E, we have the homotopy coniveau 
tower in SH 

E<^*\X) := . . . ^ (X) ^ E'^'^\X) ^ . ..E('\X) ^ E^°\X) ^ E{X). 

Letting Sm//k denote the subcategory of Sm/fc with the same objects and with 
morphisms the smooth morphisms, it is not hard to see that sending X to i?(*^(X) 
defines a functor from Sm//fc°P to augmented towers of spectra. 

On the other hand, for E G Sptgi(fc), we have the (augmented) Tate-Postnikov 
tower 

UE:=...^ f,+iE -^f,E^...^ foE = E 

in SHs^ik), which we may evaluate at X G Sm/fc, giving the tower f^,E{X) in 
SH, augmented over E{X). 

As a direct consequence of [71 theorem 7.1.1] we have 

Theorem 2.5. Let E be a quasi-fibrant object in Spt5i(fc) for the h^-model struc- 
ture (see e.g. or [T3j ). and take X G Sm/fc. Then there is an isomorphism of 
augmented towers in 8% 

{f.E){X)^E(*\X) 

over the identity on E{X), which is natural with respect to smooth morphisms in 
Sm/fc. 

In particular, we may use the explicit model i?('?^(X) to understand {fqE){X). 

Remark 2.6. For X,Y E Sm/fc with given fc-points x G X{k), y G ^(fc), we have a 
natural isomorphism in SUs^ (k) 

s^(x A y) ® ^^{x V y) ^ s^(x x y) 

i.e. I]'^{X A F) is a canonically defined summand of S^(X xY). In particular for 
E a quasi-fibrant object of Spt_5i(fc), we have a natural isomorphism in STi 

Hom{T.'^{X AY),E)^ hofib {E{X x Y) ^ hofib(£;(X) ® E{Y) E{k))) 
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where the maps are induced by the evident restriction maps. In particular, we may 
define E{X A Y) via the above isomorphism, and our comparison resuhs for Tate- 
Postnikov tower and homotopy coniveau tower extend to values at smash products 
of smooth pointed schemes over k. 

3. Some spectral sequences 

Lemma 3.1. Let S be a smooth k-scheme, W C S x a closed subset such that 
p : W S is finite. Let E G Spt(fc) be weakly fibrant for the -model structure. 
Then the map induced by the inclusion i : W ^ P^^{p{W)) induces the zero map 

i, : TT,{E^{S X A^)) ^ X A^) 



Proof. We steal a proof of Morel: Let Z = p{W) and let p : x 



S be the 



projection. Since W is finite over S x 
following commutative diagram 



(3.1) 



7r,(^^(5xPi))) 



is closed in S" x P^, so we have the 

x pi)) 



Jo 



TTr{E^(,S X Ai))) 7r,(£;^xA'(5 x A^)) 

where jo : 5 x A^ — > 5 x P^ is the inclusion. On the other hand, let ic 
be the infinity section. Since W S x oo — the composition 



S^Sx] 



TTriE^iS X Pl)) ^ ITriE^^'^'iS X P^)) ^ X oo)) 

is the zero map. Letting joo : 5 x A^ — > 5 x P^ be the standard open neighborhood 
of S' X oo in 5 X pi , the restriction map 

t*^ : TTr[E^''^'y[S X A^)) ^ X oo)) 

is an isomorphism, hence 

31, Oi, : TTriE'^iS X pi)) ^ TTriE^'^'^'iS X A^)) 

is the zero map. Write jo,jao ■ S x A^ \ {0} — ?> 5 x A^ for the inclusions of 
joiS X A^)njooiS X A^) into jo{S x A'-), joo{S x A^), respectively. Combining p.ip 
with the commutativity of the diagram 



TTriE^iS X Pl)) 
Jo* 

TTriE^ [S X A^)) 



^TTr{E^'""-\S X Al)) 



Jo 



-^7r^(£;^><*'\'f'>(5'x Ai\{0})) 



we see that 



o i, : nr{E^{S X A^)) 7r,(£;^^*'\{">(5 x A^ \ {0})) 
is the zero map. From the long exact localization sequence 

. . . ^ TTriE^^'^iS X Ai)) ^ nr{E^''^\S X Ai)) 

^ 7r,(i;^^*'\W(5 X Ai \ {0})) 
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we see that 

l4TTr{E^{S X A^))) C io.{TTr{E''''°{S X A^))) C TT, (5 X A^)). 

But 

ia* : 7r,(£;^^°(5 x A^)) ^ ^,(^^^*' (S x A^)) 

is the zero map, since i| : 7rr{E^^-^^ (SxA^)) — > nr{E^^^{S x 1)) is an isomorphism 
and il o ip, =0. □ 

Lemma 3.2. Suppose F is infinite. Take W G S^p\p) and suppose codim^p (VF) > 
n. Then the canonical map E^iA^p) £:(")(Speci^,p) induces the zero map on 

Proof. We identify A'' with A^ as usual via the barycentric coordinates ti, . . . ,tp. 
Suppose W has dimension d < p — n. Then d < p—l and a general linear projection 
L : AP ^ AP^^ restricts to to a finite morphism W — > A^^^. In addition, for 
L suitably general, W := L-\L{W)) is in s'p\p). Letting i : W ^ W he the 
inclusion, it suffices to show that the map 

is the zero map. Via an affine linear change of coordinates on A^ , we may identify 
AP with AP-i X Ai and L : A^ A^-^ with the projection A^-^ x A^ A^-i. 
The result thus follows from lemma [01 □ 

Let (A^, dAP)^'^'' be the set of codimension n points w of A^ such that {w} is 

Lemma 3.3. Let F be an infinite field. Then the restriction maps 

E'^iA^p) ^ ©„e(A-,,aAp)(")nw^^"'(SpecOA-^,^) 
for W £ S^p'^ (p) defines an injection 

T:r{E^^\F,p)) ^ ©^e(A-,aAp)(")^r^"'(SpecOA-,»)- 

for each r G Z. 

Proof. Take W € Since A^. is affine, we can find a G of 

pure codimension n with W' D W: just take a sufficiently general collection of n 
functions /i , • ■ • , /« vanishing on W and let W' be the common zero locus of the 
fi. Thus the set of pure codimension n subsets W of A^ with W G is 
cofinal in s'^'' (p). 

Let W G S'j^^ {p) have pure codimension n on A^ and let Wq C be any closed 
subset. Then Wq is also in S^^p) and we have the long exact localization sequence 

7r,£;^«(AP ) ^ TTrE'^iAPp) ^ ^,i?^\^«(AP \ M^o) ^ ■ • • 
Let s''p \p)q C Sp^^p) be the set of all Wq G S^\p) with codim^p Wq > n. Let 
£;(")(F,p)o= hocolim £:^''(AP). 

Wo65ir'(p)o 
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Passing to the limit over the above locahzation sequences gives us the long exact 
sequence 

. . . ^ nrE^^HF,p)o ^ nrE^"\F,p) ^ ©„e(A- ,aAp)(")'r.£;"'((Spec Oa-^,^)) ^ . . . 
By lemma [321 the map iq* is the zero map, which proves the lemma. □ 
Let S : A°P — > Spt be a simplicial spectrum, giving us the spectral sequence 

inducing an increasing filtration Fil^*™P i^^S on ■UrS. We have the q-truncated 
simplicial spectrum S<q and Fil^^^Tr^S* is just the image of 'KrS<q in tt^S'. In 
particular Pill™^ tt^S' = and U^q Fil^™'^ tt^S — nrS, so the spectral sequence is 
weakly convergent, and is strongly convergent if for instance there is an integer no 
such that S{p) is no"Connected for all p. 

The isomorphism of theorem 12.51 thus gives us the weakly convergent spectral 
sequence 

(3.2) Elg{X,E,n) - n,E'^^\X,p) =^ 7rp+,UE{X) 

which is strongly convergent if tt^E''"^ (X,p) = for g < independent of p. This 
gives us the increasing filtration FilJ""^ 7rr/„-E(X) of TTrfnE{X) with associated 
graded 

gr-™f 7r,/„£;(X) = i?- 

Lemma 3.4. Suppose that k is infinite and that Ila^*E{K) — for a < and all 
fields K over k. Let F Z) k be a field extension of k. Then 

(1) 4,,_p(F, E,n)=Oforp>r + n and FilX^ T^rfnE{F) - TirfnE{F). 

(2) Ep g{F,E,n) is isomorphic to a subgroup of ®uj^{A''p,dAp)('^^^q+n,nE{k{w)) . 

In particular, the spectral sequence (j3.2l) is strongly convergent. 

Proof. Since the spectral sequence is weakly convergent, to prove (1) it suffices to 
show that Ep = 0. for p > r + n. This follows from (2) as our hypothesis implies 
that na,*E{k{w)) for a < 0, m; e A^,. 
For (2), lemma [331 gives us an inclusion 

E^q - TTqE^"'>{F,p) C £ ( A J ,aAP) (") TTgi^"' (Spcc Oaj. ) ■ 

Take w e (A^, SA^*)^"). By the Morel- Voevodsky purity isomorphism [Ml loc.cit.], 
we have E"' {Spec O^p^^ J ^ 'Hom{^'^^T,l^w+, E), hence 

7rgE'"iSpecO^P^^J ^ n,+„,„^;(fc(«;)), 

which proves (2). □ 

For an integer iV > 0, and E e SHs^ik) and X e Sm/fc, the map pn{E) : 
fNE-^E induces the map of simplicial spectra 

Pn{E)^^'\X) : (/Ar£;)(")(X,-) 

and thereby a map of spectral sequences 

Pn{E)^''\X) : E:^,{X,fNE,n) ^ E:^,{X,E,n) 
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Via our natural isomor phism ^ fnE{X), the map pn{EY^^\X) is 

the same as the map 

U{pn{E){X) : UJnE){X) ^ fnEiX). 

Using lemma [Ol we have the natural isomorphism fn{fNE){X) = fpfE{X) for 
N >n, under which fn{pN{E)){X) becomes the map Pn,N- Thus, /9Ar(£')(")(X) is 
isomorphic to the map Pn,N- 

Lemma 3.5. Let E he in ST-Ls^ik) and suppose Ila,*E{K) = for a < and all 
fields K over k. Let p be the exponential characteristic of k; in case p — 2, we 
suppose that k is infinite. Suppose we have functions 

No{d, E),Ni{d,E),..., Nr-i{d, E);d>0, 

such that, for each field K of transcendence degree < d over k, each j = 0,...,r — 1, 
and all integers m > Nj{d,E), q>0, M > 0, 

(3.3) F™t?n,- jM£;(i^)[i/p] = o. 

Let F be a field of transcendence degree d over k and fix an integer n > 0. Let 
N ^ rn + YJ^jll Nj{r - j + d,E). Then for all integers m > N, q > 0, M > 0, 
n > 0, we have 

/„(p™(/A/£;))(^^)(^.(/„(/™/A./i?))(F))[l/p] C FiC™^ 7r,(/„(/Mi?))(^^)[l/p]. 

Proof. It clearly suffices to prove the result for to = A^. We delete the 

from the notation in the proof, using the convention that we have inverted the 

exponential characteristic p throughout. 

If fc is a finite field of odd characteristic, fix a prime £ and let kg be the union of all 
f-power extensions of k. If we know the result for fc^ , then using proposition 17. 1( 2) 
for each k C k' G ki, with k' finite over k proves the result for fc, after inverting £. 
Doing the same for some £' £, we reduce to the case of an infinite field k. 

Let no = N, and define rij, j = 1, . . . , r inductively by Uj^i = Uj — Nj{r — j + 
d) — n; this yields Ur = 0. We factor ppf as Pn^-i ° Pnr-i.nr-2 ° ■ ■ ■ ° Pni.no- As 
Fil^!;77r^(/M£;)(")(F,-) = TTrifMEY'^HF,-) by lemma [H it suffices to prove 
the following 

Claim . Under the hypotheses of the lemma, let b > a > be integers with b > 
Nj{r — j + d) + n. Then 

PaAfMEY-HF)m:!Z% MftfMEY-\x, -)) c Fii-T_^._, ^.(/,/Mi?)("Hx, -). 

Proof of claim. For this, it suffices to show that Pa,b{fME)^^HE) induces the zero 
map on -Er+n-j.j-n, and thus it suffices to see that Pa,b{fME)'-''\F) induces the 
zero map on -Br+n-j.j-n- ^y lemma [XW 2). 

El+n-],j-n ^ ®^e(A;+"-^aAP)(")^J^n/6/J\/^^(fc(w)), 

and Pa,b{fME)^^^\F) on is the map induced by the maps 

(3.4) Pa,bfME{k{w)) : Uj^nfbfME{k{w)) ^ n,^nfafMEik{w)). 

Note that w has codimension n on A^'""-' , hence k(w) has transcendence dimension 
r j over F and thus has transcendence dimension r — j + d over fc. As 6 > 
Nj{r — j + d) + n, our hypothesis (13. 3p implies 

F^,,,U,,MME{kiw)) = 0, 
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and thus the map p.4p is the zero map, as desired. □ 
This completes the proof of the lemma. □ 

4. The bottom of the filtration 

In this section, k will be a fixed perfect base field; if char A: = 2, we suppose that 
k is an infinite field. 

Lemma 4.1. Let E be m SHs^{k). Then Fil^™/' 7rr/„£;(i^) = for all fields F 
over k. 

Proof. For any X E Sm/fc, Fil^™P 7r,.i;(") (X, -) is by definition the image in 
7rr£:(")(X, -) of 7r^£;(")(X, - < q), where < q) is the q-truncated 

simplicial spectrum associated to — ). For X = SpecF, we clearly have 

S''p\p) = for p < n, as A^^ has no closed subsets of codimension > p. Thus 
^;(") (X, - < q) is the 0-spectrum for g < n and hence Fil^™/* TTrE'-"'^ (F, -) = 0. □ 

To study the first non-zero layer Fil^'"'' T:rfnE{F) in Filf ""^ TTrfnE{F), we apply 
the results of [9]. For this, we need to recall some of these results and constructions. 

We let Vn ~ (A)^n \ 9A^)". The function —ti/to on A^ gives an open immersion 
p„:Vn-^ A", identifying F„ with (A^ \ {0, 1})". 

Suppose that E is an n-fold T-loop spectrum, that is, there is an object lj^^^E G 
Spt(fc) and an isomorphism E = Vl'^ui^^E in SHs^ik). Given an n-fold delooping 
Lo^'^E oi E , we have explained in jH §5] how to construct a "transfer map" 

TrF(t„)/_F : T^*E{'w) tt^E{F), 

for each closed point w G A'^, separable over F. 

If now E is the zero-space of some T-spectrum £ G SH{k), E = ft'^S, then the 
bi-graded homotopy sheaves H^^^^E admit a canonical right action by the bi- graded 
homotopy sheaves of the the sphere spectrum Sfc G SH{k): 

Morel's theorem [13l theorem 6.4.1] identifying no.,i(§fc) with the Milnor-Witt sheaf 
JC^^ gives the right action 

This gives us the filtration FJ^^^Ha^bE of Ila^b-E, defined by 

F^^^^Ha^bF := im[na,„F®^f.^ ^ H.^bF]; n > 0. 

Completing with respect to the transfer maps gives us the filtration F^,j^T.r^a,bE{F): 

Definition 4.2 (see ?9, definition 7.9]). Let E = il^S for some £ G SHik), F a 
field extension of k. Take integers a, 6, n with n, 6 > 0. 

1. Let F^j^Tr-^a,bE{F) denote the subgroup of Ua,bE{F) generated by elements 
of the form 

Trpiwrix); x E F2j^IVa,bE{F{w)) 
as w runs over closed points of A^, separable over F. 
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2. Let [Ila,bE denote the subgroup of Ua.bE{F) generated by elements 

of the form 

TrF{w)*{x • y); xe naME{F{w)),y G /(FH)", 
as w runs over closed points of A^, separable over F. 

The main result, theorem 7.11 of [9], expresses the "Tate-Postnikov" filtration on 
lio,qE in terms of the "Milnor-Witt" filtration Fl,jyyIlQ^qE, under the connectivity 
assumption Ila,*E = for a < 0. Since we will not assume that lla,*E = for 
a < r, but only Ila^*E = for a < 0, we cannot directly apply theorem 7.11 of 
loc. cit. to give information on Hr^qfnS- However, the only use of the assumption 
^a,*E — for a < was to show that the map 

FiC^f no,,/„£;(i^) ^ Ilo,JnE{F) 

is surjective (c/. lemma IX4|) . If we merely replace Ilr.qfnE{F) with the subgroup 
Fii^™^ Ilr^qfnE{F), the proof of [9, theorem 7.11] goes through without change to 
prove 

Theorem 4.3. Let £ be in S'H{k) and let E — il^£. Suppose that Ila.*E = for 
a < 0. Let F be a perfect field containing k. Then for all r > 0, n > 0, q > 0, we 
have an equality of subgroups ofIlr^qE{F) 

p„(FiC™^n,,J„i?(F)) = F2,^r.Ur^,E{F) 

5. Comparison with motivic cohomology 
We recall that Morel [HI theorem 6.3.3] has defined a ring homomorphism 

0,:K^''^{k)-^EndsHik){^k) 

which he shows is an isomorphism if fc is a perfect field of characteristic ^ 2. 

Furthermore, Morel [131 section 6.1] has considered the action of Z/2 on the 
sphere spectrum arising from the exchange of factors 

T : AP^ ->P^ AP^ 

We also write r for the induced autormorphisni of the sphere spectrum . Morel 
identifies the corresponding element of End(Sfc) as 

r:=(?fc(l + 77.[-l]). 

After inverting 2, the action of t decomposes §fc[^] into its +1 and —1 eigenspaces 

as §fc[^] is the unit in the tensor category S'H{k)[^], this induces a decomposition 
ofSnik)[^] as 

SH{kM = SH{k)+ X Sn{k)-. 
This extends to a decomposition of S'H{k)(^ as SH{k)^ x S'H{k)q. For an object 
£ of SH{k), we write the corresponding factors of £q as £q, £q. 

Lemma 5.1. Suppose that either 

(1) char fc = and k has finite 2-cohomological dimension 

(2) charfc > 0. 
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Then = Q, where in case (1), N = cd2 k, and in case (2) N ^ z/char/c — 2 

or if char k — p is odd and p = 1 mod 4, = 1 if p = 3 mod 4. Moreover, letting 
I C GW(fc) be the augmentation ideal, we have /" = for n > cd2 k, assuming k 
has characteristic ^ 2. 

Proof. We first assume that k has characteristic 0. Let / C GW(fc) be the augmen- 
tation ideal. By the Milnor conjecture [H], we have 

ryi"+' = H^,ik,^if-) 

and thus /" = for n > + 1. It also follows that 2 • /" C /"+\ although this 
may be proven by much more elementary means (see e.g. |18j). By the theorem 
of Arason-Pfister [1], n„J" = {0}, hence J^+i = 0, and thus 2^+^ kills the Witt 
group W{k). 

As a ii'Q^'^(fc)-module, K^^^{k) is cyclic with generator 77. However, 

K^^^ik) ^ W{k) 

[13] and thus = 0. 

If k has characteristic different from 2, then the same argument shows that 
= 0, where N = cda k. 

In case fc has characteristic p > 0, then as 77 comes from base extension from 
the prime field ¥p, it suffices to show that 2^+^77 = in S'H{¥p), with N as in the 
statement of the lemma. 

For p odd, we have GW(Fp) = Kq'^^ {¥p), with the one-dimenisonal quadratic 
form < u > mapping to the element 1 + ri[u]. In particular, 1 + 1] corresponds 
to the form —x^. If p = 1 mod 4, then —1 is a square, hence — and x'^ are 
isometric forms and 1 + 1] = 1 in Kq'^^ {¥p). The relation 77(2 + 7/[— 1]) = in 
K^^{¥p) thus simplifies to 2r] = 0. 

If 73 = 3 mod 4, then —1 is a sum of two squares, and hence the quadratic form 
x"^ + y'^ + is isotropic. Thus the Pfister form + i/^ + + is also isotropic 
and hence hyperbolic, and hence the form —x^ — y'^ — z^ — uP' is hyperbolic as well. 
Translating this back to K^^'^C^p) gives the relation 4(1 + 7/[-l]) = 2(2 + 7/[-l]) 
or 277[— 1] ~ 0. Combining this with relation r;(2 + 77[— 1]) — yields 4?/ = 0. 

In case k has characteristic 2, —1 = +1. The relation 77(2 + 7;[— 1]) = simplifies 
to 277 = 0. □ 

Remark 5.2. Instead of the finiteness of cd2k, one can require that —1 is a sum of 
squares in k. Under the isomorphism Kq^^ {k) = GW(fc) (assuming char /c 7^ 2) the 
element 1 + 77[— 1] goes to the quadratic form —X^. If —1 is a sum of N squares in 
k, then the rt-fold Pfister form << —1, . . . , — 1> >= X]i=i ^1 isotropic if 2" > N, 
hence hyperbolic. Thus 2" • {—X'^) is hyperbolic, so 

2"(l + r;[-l]) = 2-1(2 + ,;[-l]) 

or 2"'~^ri[—l] — 0. Since 2r; = — 77^[— 1], this gives 2"77 — 0, without using the 
Milnor conjecture. 

In any case, lemma [5TT] and this remark imply 



Lemma 5.3. Suppose that k has finite 2-cohomological dimension or that -1 is a 
sum of squares in k or that char A; > 0. Then ST-L{k)\^ = ST-L{k)~^ . 
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Definition 5.4. 1. Let <S'H(fc)fin(fc) be the thick subcategory of S'H{k) generated 

by objects Yj'^Yj'^X+ for X a smooth projective fc-scheme and rt G Z. 

2. Let <SH(fc)coh.fin(fc) be the full subcategory of S7i(k) with objects those £ such 

that 

i) there is an integer d such that, for n > d, nr,„(5)Q — for all r. 

ii) there is an integer c such that Tlr,q£ — for r < c, q E Z. 

For £ G 5'H(A;)coh.fin(fc) we define the dimension of to be the smallest 

integer such that nr,„(£)Q = for all r and for all n > d. We let c{£) be the 
largest integer c such that n^^^i? = for r < c; we say that £ is topologically c{£) 
connected. 

Lemma 5.5. Let £ be in S7i{k)coh.fin{k). 

1. For U G Sm/Zc, we have 

Hom5^(,)JEPS«^S-C/+,£)=0 

/or aZZ p E "L, q > d{£). 

2. For all n > d{£), /„£ -^Q in S'H{k)q. 

Proof. (1) implies (2), as (1) implies that for J" G Y.^.S'W^ ^ {k)^, 

Hom5^(fe),j(J",£:) = 0. 

Since /„£ — > £ (in S%{k)Q) is universal for maps F ^ £ with G Y,\.SVf^^{k)Q, 
it follows that /„£q = 0. 

For (1), we have the Gersten-Quillen spectral sequence 

EV' = ®„ea(»)n-fc,5+a(f)(fcM) =^ Hom5„(fc)jS;"-^I]^^E?? 

Thus, the assumption q > d{£) implies that E'^'^ = for all a, b, proving (1). □ 

This yields 

Lemma 5.6. Let £ be in S'H{k)coh.fm{k) and choose an integer n. Then fn£ is in 
5H(fc)coh.fin(fc), diU£) < d{£) andcifn£) > c(£). 

Proof. We have already seen in lemma [575] that /„£q ~ for n > d{£), hence 
fn£ is in 5?^(fc)coh.fln(fc) and d{fn£) = — oo for n > d{£). For n < d{£), take 
TO > d{£) > n. Then the universal property of fn£ — )• £ implies 

Pn{£) ■ ^r,mifn£) ^ ^r.mi£) 

is an isomorphism, hence Iir,m{fn£)Q — for to > d(£). 

We have shown in [51 proposition 3.2] that, for E G S7is^{k), if E is — 1- 
connected, the fnE is also — 1-connected for all n > 0. Applying this to E := 
rii^Sj'^Sg' £ shows that, if Ilr.q£ = for r < c, the same holds for /„£ , for n > q. 
For n < q, we already have Tlr.q£ — Ilr,qfn£- D 

Proposition 5.7. Take X G Sm/fc. Then 

1. nr,„(SffX+) =Oforr<OandneZ 

2. Suppose X is smooth and projective over k of dimension d and that k has finite 
2-cohomological dimension or char/c > 0. Then nr,n(S!^X+)Q — for n > d, 
r G Z. 

3. Suppose k has finite 2-cohomological dimension or char A: > 0. Then each £ G 
S'H{k)an{k) is in S'H{k)coh.tinik). 
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Proof. Noting that 

we see that (3) follows from (1) and (2). 

We first prove (1). We have the spectrum E^iX+ G SHsiik). It suffices 
to show that TTr{n^^Y.f,Y.^Q^X+) = for all r < 0, a,b > and X € Sm/k. As 
S^iSq is a summand of I]^i(G^„ x X)+, it suffices to handle the case 6 = 0. 

We recall, for a presheaf A of abelian groups on Sm/fc, we have the presheaf 
A_i defined by 

A^i{U) := keriil : A{U x (G„) ^ A{U)). 

For 71 > 1, A-n is defined to be (A_„+i)_i. 

We recall the following result of Morel [13l lemma 4.3.11]: Let E be in SHs^ (k). 
Then the natural map 

is an isomorphism. In particular, if E' is —1 connected, then so is flig^E. By Morel's 
connectedness theorem [13, theorem 4.2.10], is -1 connected, whence (1). 

Our assumption on k together with lemma [Ol shows that ST-l{k{y))Q — S'H{k{y))\ 
By a result of Morel (proved in detail by Cisinski-Deglise [31 theorem 15.2.13]), we 
have 

iiom5-H(fc)(i;gii]e^i;y ?7+, i;5?x+))q = 

Hom5^(;,-|+((S5iSG„^T t^+)Q+' (^T -'^+)q+) 

^ HomBM(fe) jM(f/)(&)Q[a + 6], A/(X)q), 
where M : Sm/fc ^ DM{k) is the canonical functor. By duality, we have 

HomcM(fc)(M((7)(6)[a + 6], M(X)) 

HompM(fc)(A^(C^ X X), Z(d ~h)[2d~a-h]) 

= H^d^^-^U X X,Z(d- fe)). 

But for all Y e Sm/fc, HP(Y,Z{q)) = for g < 0, p £ Z. Thus the presheaf 

[/ Hom5«(fc)(S^iSLS??C/+,S??X+)Q 

is zero for b > d, and hence the associated sheaf na_b(S^X_|_)Q is zero as well. □ 

Remark 5.8. The statement of result of Cisinski-Deglise [3j theorem 15.2.13] cited 
above is not the same as cited here; Cisinski-Deglise show that the A^-derived cate- 
gory over a base-scheme S, with Q-coefficients, Dj^i^(j{S), has plus part Dj^i ,q{S)+ 
equivalent to the category of "Beilinson motives" DMb{S). For S geometrically 
unibranch, they show [1 theorem 15.1.4] that DMb{S) = DM{S)q. 

Furthermore, the Q-singular chain complex functor defines an equivalence C*q : 
SHq —7- D{Q), where SHq is the Q-localized stable homotopy category, and D{Q) 
is the derived category of Q- vector spaces. As C*q is a well-defined functor on the 
model category level, the evident extension of the functor C,q gives an equivalence 
of SH{S)q with Dai^q(5). Putting these equivalences all together gives us the 
equivalence S'H{k)i = DM{k)q we use in the proof of proposition 15. 71 
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Proposition 5.9. Let k be a perfect field; if char/c ~ 2, we suppose that k is 
infinite. Suppose that k has finite Galois cohomological dimension Dk for torsion 
Galois modules. Let F be a perfect field extension of k of transcendence dimension 
d over k. Let E — fl^S for some £ G iS'Hcoh.fin(fc) o.nd suppose that Ila^*E = for 
a < 0. Consider the map 

PnifAiE) : FiC'"^'7r,/„(/Afi?)(F) ^ TirfME{F). 

Then, for all r,M > 0, Pn{fME){VA':"'PTTrfn{fME){F)) = for n > max(Dfc + 
d,di£)). 

Proof. Let A = max{Dk + d,d{£)). By theorem 14. 3[ and the definition of the 
filtration FJ^y^,Tr'^rfME{F), it suffices to show that, for every finite extension F' 
of F, the product 

U : ^(F') ® Ilr,nfME{F') ^ Ur^o fME{F') 

is zero. 

By proposition [STTl Hr^nEq = for n > d{£). We note that /az-E ~ fl^f^i^ 
M > 0. Thus, by lemma \WM Ilr+n,nfMEq = for n > d{£) and the image of U is 
the same as the subgroup generated by the images of the maps 

Un ■■ K^^{F')/N ® Ilr,nfMEiF')N-tor ^ TTrfME{F'); NeN. 

By Morel's theorem [R] theorem 5.3], we have a cartesian diagram 



Thus, for n > Dk, lemma O tehs us that K^'^^ {F') = K^{F'). Furthermore, 
for prime to the characteristic, the Bloch-Kato conjecture (proved by Voevodsky 
and Rost, see [22]) gives the isomorphism 

iff (F')/iv-i/rt(^vr)- 

But F' , having transcendence dimension d over fc, has torsion-cohomological dimen- 
sion at most Dk+d, and hence K^{F') /A^ = for n > D^+d. For N = p = char(fc), 
it follows from [2, theorem 2.1] that 

Xf(F')/p-0, 

since F' is perfect. Thus, for n> Dk + d, K^^^{F')/N = 0, and hence the image 
of U is zero ii n > A. □ 

6. The proof of the convergence theorem 

Lemma 6.1. Take £ G SHunik). Then there is an integer n(£) such that fn{£) ~ £ 
for all n < n(£). 

Proof. Clearly, it suffices to prove the result for £ ~ with X smooth and 

projective over k and m E 'E. As /„ o ~ S™ o and Ila.b^T£ = ^a-i,b-i£, 

we need only prove the result for £ — T,^X+. As T.^X+ is in S'W^^ [k), we have 
/oE5?X+=S??jr+, proving (1). 

The fact that T\a,b^^X+ = for a < is proposition O;!)- □ 
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Here is the main step in the proof of theorem [3l 

Proposition 6.2. Let k be a perfect field of finite torsion- cohomologcal dimension 
and let p be the exponential characteristic of k; i/ char A: = 2, we suppose that k 
is infinite. Let £ be an object in SHcoh.Rnik) such that Ila,*£ = for a < and 
d{£) < e for some integer e. Let E = Q^£. Then there is an integer N{e, r,d) > 
such that 

Fil^,t,nr,jMEiF)[l/p]^0 

for all N > N{e, r, d) + q, all q > Q, M > Q and all fields F of transcendence 
dimension < d over k. 

Proof. By lemmaEJl /a/^ is in 5Hcoh.fin(A:), fnE = Vf^fM£ and d{fM£) < d{£). 
Moreover, Iia,*fM£ = for a < [9l proposition 3.2]. Thus it suffices to prove the 
result for M = 0. 

Fix g > and let £' = 93^£. Then n^£' = 93^E, d{£') = d{£) ~ q, Ua.bi^^T^ = 
Ila,b+qE and 

Fii5;-'^n,,of^?.i?-Fii4,n,,,i?. 

Thus, we may replace £ with £' and it suffices to prove the result for q = 0. 

By proposition [7J] it suffices to prove the result for perfect fields F. We proceed 
by induction on r. We omit the [i/p] in the notation, using the convention that we 
invert the exponential characteristic throughout the proof of this proposition. 

The case r — —1 follows from our hypothesis Ila,*£ = for a < 0, since tt^E ~ 
11^,0^ for all r. Thus, taking A^(e, —1, d) = for all d and e settles the case r — —1. 

Assume we have integers Nj{d) = N{e,j,d) satisfying the conditions of the 
proposition for FiV^^^^ TTjfME{F), with j = 0, . . . , r — 1. 

By lemma [3T5| it follows that for all ti > 0, all perfect F of transcendence degree 
< d over k and all m > nr + j=o -^i l*^) ^® have 

tm{7Tr{f,nfnE){F) ^ 7TrfnE{F)) C Fil^r" MfnE){F) 

If we assume that n > max{Dk + d, d{£)) + 1, then by proposition 15.91 
imiFiV:"'P 7rr{fnE){F) ^ ME)iF)) = 0. 
Thus, for n = ma.x{Dk + d, e) + 1 and m > nr + X]j=o ^ji''' ^ i + '^)' have 

im{^r{f^f^E){F) ^ TTrEiF)) = 0. 
Since m> n, we have fmfn — fm, this implies that 

F^,,,nrE{F) = 

for N > N{e, r, d) := nr + X]j=o ^ji''' ~ J + d.), n = max{Dk + d,e) + 1, and the 
induction goes through. □ 

Now for the proof of the main theorem. For a: G X e Sm/fc, and J- a sheaf on 
Sm/fcNis, we let Tx as usual denote the Nisnevich stalk of T at x. 

Theorem 6.3. Let k be a perfect field of finite torsion cohomological dimension 
and of exponential characteristic p; if chaik = 2, we suppose that k is infinite. Let 
X G X G Sm/fc and let d = dim^ X . Let £ be in SHnnik). For an integer q, let 
m{q) — min(0, q). Then for all M > m{q), 

{Firrate^r,jM£Ul/p]=0 
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for all n > N{d{£) — m{q), r — c{£) — 1, d) + q — m{q), where N = N{e, d, q) is the 
integer given by proposition \6. 2\ 

Proof. As before, we invert p throughout the proof and omit the from the 

notation. 

The proof of pTJ lemma 6.1.4] shows that, for x £ X G Sm/A:, :— Spec Ox, x 
and U C Xx open, the map 

Xx ^ Xx/U 

in 'H{k) is equal to the map sending X^ to the base-point of Xx/U . This implies 
that for any J" G S'H{k), a, & G Z, the restriction map 

is injective. Passing to the limit over [/, this shows that the restriction map 
is injective. From this it easily follows that the restriction map 

(Fii^,tcn.,5/M^). ^ (Fii;^,,,n,,,/Mf)(fc(x)) 

is injective. 

Thus, it suffices to show that Y\V^^^^I{r.qfM£{F) ~ for all finitely generated 
fields F over k, and for n > N{d{£) — m{q), r — c{£) — l,d) + q — rn{q). 
As 

FilTatc F[r+p,gEgif = Filrpj^^.^, ^r,q£ 

we may replace £ with E^J^'-^-' ^£ and assume that Tla.*£ — for a < 0. Similarly, 
we may replace £ with Eg™^'^''f , since 

^^i^Tatc nr^ij+pSg^f = FiV^^^^ ^r,q£- 

Noting that d(Ec™^^^f ) = d{£)-m{q) and /M-„.(g)(Ec™^^^f ) = E^^^'^Vm^ , this 
reduces us to the case M,q > and Ila,*£ = for a < 0. Letting E — fl^£, we 
have 

FilTato fM^r,q£ = Filiate fn'^r^qE 

for all M > 0, g > 0, n > 0, so the result follows from proposition 16.21 □ 

7. Norm maps 

Suppose our perfect base-field k has characteristic p > 0. For an abelian group 
A, we write A' for A ®z l\l/p]. Our task in this section is to prove 

Proposition 7.1. 1. Suppose that k is a perfect field of characteristic p > 0. Take 
£ G S'H{k) and let a : F L be a purely inseparable extension of finitely generate 
fields over k. Then the map 

a* : Ua,b£{Fy n,,bf (L)' 

is injective. 

2. Suppose that k is a finite field of characteristic p ^ 2. Take £ G S'H{k) and let 
a : k ^ k' be a finite extension of degree n. Then the kernel of 

a* : Ua,b£{k) ^ n,,b£:(fc') 

is n-torsion. 
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As one would expect, we construct a quasi-inverse to a* by constructing transfers. 
Take a € \ {F^)p and consider the extension Fa :— F{a^/P). We have the 
corresponding closed point p(a) of K\. defined by the homogeneous ideal {X^ — a) C 
This gives us the closed point p(a) of via the standard open immersion 
{l:x) of into P^. 

Suppose F = k{U) for some finite type /c-scheme U . Since k is perfect, U has 
a dense open subscheme smooth over fc; shrinking U and changing notation, we 
may assume that U is afhne and smooth over k, and also that a is a global unit 
on U . Let V <Z h} x U he the closed subscheme defined by — a. Then V is 
reduced and irreducible (since a ^ {F^Y) and is finite over U. Shrinking U again, 
we may assume that V is also smooth and affinc over k. Let Iv C A;[J7][i] be the 
ideal defining V yo- A} x U. 

Using X^ — a as generator for Iv/Iy: we have the Morel- Voevodsky purity 
isomorphism [TH theorem 3.2.23] 

X U/iA^ xU\V)^Flr. 

Combining with the excision isomorphism xU/ (A^ x U\V) =¥^ xU/ (P^ x U\V) 
and passing to the limit over open subschemes of U gives us the sequence of maps 
of pro-objects in H,{k): 

(Pi,, <x) ^ Pypi. \ {pia)} = (Pi.^, oo); 

we denote the composition by Trp(^g_yp. Passing to S'H{k) gives us the morphism 

TTp(a)/F ■■ S/c A Speci^+ ^ Sfc Ap(a)+ = A Fa+ 

where we consider these objects as pro-objects in S'H{k). Composing with the map 
induced by the structure morphism tTq : p{a) Spec F gives us the endomorphism 

TTa* O Trp(a)/_F of Sfe A Spcc F+. 

Proposition 17. If 1 ) is an immediate consequence of 
Lemma 7.2. After inverting p, the the endomorphism 

■Ka* o Trp(Q)/;^ : Sfe A SpecF+ A SpccF+ 

is an isomorphism. 

Proof. We consider a deformation of Tr^^/^. Let P{a) C SpecF[i][X] be the closed 
subscheme defined by the ideal {X^ + t{X + 1) + — l)a). We have 

d{XP + t{X + l) + {t- l)a) = {X + a + l)dt + tdX E nF[t][x]/F- 

Thus the singular locus of P{a) (over F) is given hy {X + a + 1 = t = 0) Ci {X^ + 
t{X + 1) + {t — l)a = 0); since a (i^^)^, the singular locus is empty, i.e., P{a) is 
smooth over F. Using X^ + t{X + 1) + {t — l)a as the generator for Ip(^a)/Ip(^a)' 
we have as above the map 

T^rp(^a)/Flt] ■■ Pfc A SpecF[i]+ ^ P^. A P{a)+ 

of pro-objects in 7^,(fc), and the endomorphism 

T^p{a)/F[t]* ° Trp(^a)/F[t] ■ Sfe A SpecF[i]+ Sfe A SpecF[t]+ 

of pro-objects in SHik). 
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Setting t = 1 gives us the closed subscheme po of SpecF[X] defined by the ideal 
{XP + X + 1). Clearly ttq : po SpecF is finite and etale of degree p. Using 
XP + X + 1 as generator of /p„ / /^^ gives us the map 

TYp^/F ■■ (Pfe, oo) A Speci^+ ^ (Pi, oo) Apo+ 
of pro-objects in H,(fc), and the endomorphisni 

TTo* o Tvp^^/p : Sfe A Spec F+ Ek A Spec 

of pro-objects in S'H{k). 

The map T^p(a)/F[t]* ° Trp(a)/F[t] thus gives us an A""^ homotopy between the 
maps ttq* o Trp(a)/i? and ttq* o Trp^/p. Thus, these maps are equal in iSH(fc), and 
it suffices to show that ttq* o Trp^/p is an isomorphism after inverting p. 

As XP + X + 1 has coefficients in Fp, ttq* o Tvp^/p arises as base-extension from 
the similarly defined map 

TTo* o Trpg/p^ : §Fp 

in5'H(Fp), that is, from the corresponding element [no^oTrpg/fJ G [Sf^, §Fp]5«(Fp)■ 
Suppose that p > 2. By Morel's theorem T^, theorem 6.4.1], [§Fp , §Fp]5w(Fp) — 
GW{¥p). Since [¥p{po) : Fp] — p, it follows that the image of ttq* o Tvp^/^^ e 
[§Fp7 §Fp]5'H(Fp) under the rank homomorphism GW(Fp) — !■ Z is p. Since the 
augmentation ideal / C GH^(Fp) is nilpotent (in fact P — 0), it follows that 
ttq* o Trp^^f^ is a unit in GW(Fp)[l/p], proving the result in case p > 2. 

Suppose p = 2. We consider the deformation p{t) C SpecF2[X][t] defined by the 
ideal (X^ + X + 1 — t). Then p{t) is smooth over F2 and gives an A^ homotopy 
between the map ttq* o Trp^/^^ = 0) ^'i^'i the map 7rp(i)^ o Trp(i)/F2 defined as 
above using the closed subscheme p{l) of Spec F[X] given by X^ 4-^ = 0. We note 
thatp(l) = {0, 1}. In addition, we haveX'^ + X = X mod and X'^ + X = X-l 
mod 771^, where toq, toi are the respective maximal ideals of 0, 1. By (8] lemma 
4.1], it follows that 

rrp(i)/F, : (P^, , ^) ^ (Pi(i)) , 00) = (Pi^ , 00) V (Pi^ , 00) 

is the canonical co-addition on (Pp^,oo) in ?{,(F2), and thus TTpji)^ °^^p(i)/F2 is 
multiplication by 2. This handles the case p = 2 and completes the proof of the 
lemma □ 

The proof of proposition I7.ir 2) is similar. Write k' = k{a), let f{x) G k[x] be 
the minimal polynomial of a and let p € Aj. he the closed point defined by the 
ideal (/(x)). Using f{x) as the generator for Ip/Ip, the Morel- Voevodsky purity 
isomorphism |14[ loc. cit.] defines the map 

Trp/, : (Pi,^) ^ (Pl^)Ap+ 

in and the endomorphism 

TTp o Trp/fc : S/c -> Sfe 

in S'H{k). Since the characteristic p is odd, we can use Morel's theorem again 
and identify End(Sfe) with GW(/c). Under this identification, TTp o Trp/k gives us 
an element a £ GW(A:), mapping to the degree n under the rank homomorphism 
GW(fe) — >■ Z. Since the augmentation ideal / C GW(A:) is nilpotent, this implies 
that there is an element (3 e GW(A;) with /3-a = n. Viewing /3 as an endomorphism 
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of Sfc, this gives iTp o {Tip/k o /?) = n x id. As a* = tt* on Ila^bSik), this imphes 
n ■ kera* = 0, as desired. 
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